Introduction {#Sec1}
============

Phylogenetic networks are rooted, directed acyclic graphs whose leaves are labelled by some set of species (see Sect. [2](#Sec2){ref-type="sec"} for precise definitions of the concepts that we introduce in this section). Such networks are used by biologists to represent the evolution of species that have undergone reticulate events such as hybridization and there is much recent work on these structures (cf.e.g. Gusfield [@CR4]; Huson et al. [@CR7]). In Huber and Moulton ([@CR5]) a close relationship is described between phylogenetic networks and multi-labelled trees (MUL-trees), leaf-labelled trees where more than one leaf may have the same label. Essentially, it is shown that it is always possible to "unfold" a phylogenetic network *N* to obtain a MUL-tree *U*(*N*) and that, conversely, a MUL-tree *T* can under certain conditions be "folded" to obtain a phylogenetic network *F*(*T*) that exhibits *T*. We illustrate these operations in Fig. [1](#Fig1){ref-type="fig"} (see Sect. [3](#Sec6){ref-type="sec"} for more details). The tree *T* is a MUL-tree, and the network *N* is obtained by first inserting vertices into *T* and then folding up the resulting tree by identifying vertices in *T* to obtain *F*(*T*); the unfolding *U*(*N*) of *N* (which is essentially obtained by reversing this process) is precisely *T*.Fig. 1A MUL-tree *T* and its folding $\documentclass[12pt]{minimal}
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Applications of the operations *F* and *U* include the construction of evolutionary histories of polyploids in terms of phylogenetic networks (Lott et al. [@CR9]; Marcussen et al. [@CR10]). In particular, polyploid organisms contain several copies of a genome, and if a tree is constructed from these genomes (or specific genes in these genomes) a MUL-tree can be obtained by labelling each leaf by the species that has the corresponding genome. By folding this MUL-tree a representation of the evolution of the species can then be obtained (in terms of a phylogenetic network), from the evolutionary history of the genomes. In this representation, vertices in the network with indegree two represent hybridisation events, where two parent species have produced a child which has the combined set of genomes of both of its parents.

In this paper, we study properties of the *F* and *U* operations in some detail and, in the process, show that they have some interesting connections with other areas such as gene tree/species network reconciliation (Wu and Zhang [@CR15]; Zhang et al. [@CR16]) and the theory of graph fibrations (Boldi and Vigna [@CR1]). To do this, we begin by reviewing the concepts of MUL-trees and phylogenetic networks in the next section, and present some general properties of the folding and unfolding operations in Sect. [3](#Sec6){ref-type="sec"}. We then consider the interrelationship between the folding and unfolding operations.

More specifically, although it is always the case that *U*(*F*(*T*)) is isomorphic to *T* for any MUL-tree *T* (Huber and Moulton [@CR5]), the same situation does not apply if the *U* and *F* operations are applied in the opposite order to some network as there are networks *N* for which *F*(*U*(*N*)) is not isomorphic to *N* (we give an example shortly in Fig. [3](#Fig3){ref-type="fig"}). Therefore, it is of interest to understand the networks *N* for which *F*(*U*(*N*)) is isomorphic to *N*. We call these *stable networks*. In Sect. [4](#Sec7){ref-type="sec"}, we present a characterization for stable phylogenetic networks (see Theorem [1](#FPar3){ref-type="sec"}). Using this result we are then able to show that the well-known class of binary, tree-sibling networks as defined in Cardona et al. ([@CR3]) are stable (see Corollary [1](#FPar5){ref-type="sec"}). We expect that stable networks could be of interest as they can provide a canonical representative for the set of all networks that display a particular MUL-tree (cf. Pardi and Scornavacca [@CR11] for choosing canonical representatives of networks that display a set of trees).

In Sect. [5](#Sec8){ref-type="sec"}, we show that the unfolding and folding operations are closely related to concepts that arise in the theory of graph fibrations (cf. Boldi and Vigna [@CR1] for a review of this area). In particular, we define the concept of a folding map between a MUL-tree and a phylogenetic network. As one consequence, we show that the unfolding of a network can be considered as a phylogenetic analogue of the universal cover of a digraph. This allows us to provide an alternative characterisation for stable networks (Corollary [3](#FPar13){ref-type="sec"}). It is worth noting that an alternative framework for considering maps between phylogenetic networks is developed in Willson ([@CR14]).

We then focus on the problem of displaying trees in networks. In Sect. [6](#Sec9){ref-type="sec"}, we demonstrate that it is NP-complete to decide whether or not a phylogenetic tree is displayed by a stable network (Theorem [5](#FPar15){ref-type="sec"}). This is of interest since in Kanj et al. ([@CR8]) it is shown that it is NP-complete to decide if a tree is displayed by a network, but in Iersel et al. ([@CR13]) it is shown that this problem is polynomial for certain special classes of networks (such as normal and tree-child networks).

Finally, in Sect. [7](#Sec10){ref-type="sec"}, we define and study a new way in which a tree may be displayed in a network: We say that a phylogenetic tree is *weakly displayed* by a phylogenetic network *N* if it is displayed by the MUL-tree *U*(*N*). Using the concepts developed in Sect. [5](#Sec8){ref-type="sec"}, we provide a characterization for when a tree is weakly displayed by a network in terms of a special type of tree reconciliation (Theorem [6](#FPar17){ref-type="sec"}). This characterisation allows us to show that, in contrast to displaying a tree, it is possible to decide in polynomial time whether or not a phylogenetic tree is weakly displayed by a phylogenetic network having the same leaf-set (Corollary [4](#FPar21){ref-type="sec"}).

Definitions {#Sec2}
===========

Throughout this paper, we let *X* denote a finite set of size at least two. In addition, all graphs that we consider are connected.

Rooted DAGs {#Sec3}
-----------
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MUL-trees {#Sec4}
---------

We say that a multi-set *M* is *a multi-set on* *X* if the set resulting from *M* by ignoring the multiplicities of the elements in *M* is *X*. Following Huber and Moulton ([@CR5]), we define a *pseudo multi-labelled tree* $\documentclass[12pt]{minimal}
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Suppose *T* is a pseudo MUL-tree. For *v* a non-root vertex of *T*, we denote by *T*(*v*) the connected subgraph of *T* that contains *v* obtained by deleting the incoming arc of *v*. Clearly *T*(*v*) is a pseudo MUL-tree. We call a pseudo MUL-tree $\documentclass[12pt]{minimal}
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To illustrate these definitions consider for example the MUL-tree *T* and its folding $\documentclass[12pt]{minimal}
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Phylogenetic networks {#Sec5}
---------------------

An *X* *-network* *N* is a rooted directed acyclic graph, in which parallel arcs are allowed,
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Folding and unfolding {#Sec6}
=====================

In this section, we recall the unfolding and folding operations mentioned in the introduction that were first proposed in Huber and Moulton ([@CR5]) (see also Huber et al. [@CR6] for the binary case).
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We denote for all vertices *v* of an directed graph *G* as in Sect. [2.1](#Sec3){ref-type="sec"} the set of children of *v* by *ch*(*v*) and say that an *X*-network *N* *exhibits* a MUL-tree *T* if the MUL-trees *U*(*N*) and *T* are isomorphic. In particular, any *X*-network *N* exhibits the MUL-tree *U*(*N*). Note that there exist MUL-trees *T* for which there is no phylogenetic network that exhibits *T* (for example, the binary MUL-tree with two leaves both labelled by the same element).

We now describe the folding operation *F* for constructing an *X*-network *F*(*T*) from a MUL-tree *T* introduced in (Huber and Moulton [@CR5], p. 628). This operation can be thought of intuitively as the reverse of the unfolding operation *U*, and it works by repeatedly finding a maximal inextendible subMULtree, subdividing the incoming arcs of the roots of the subMUL-trees that are isomorphic with it, and finally identifying the subdivision vertices and removing all but one copy of that subMUL-tree. This continues until an *X*-network is obtained or, equivalently, no further maximal inextendible subMUL-tree can be found. Formally, a pseudo MUL-tree $\documentclass[12pt]{minimal}
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Note that any MUL-tree *T* is isomorphic with *U*(*F*(*T*)) (as MUL-trees) (Huber and Moulton [@CR5]). Thus, if there is no risk of confusion we will sometimes identify *T* and *U*(*F*(*T*)). Also, note that if *T* is binary, then *F*(*T*) is *semi-resolved*, that is, every tree vertex in *F*(*T*) has out-degree 2. Moreover, in Huber and Moulton ([@CR5]), Proposition 3 it is shown that if *F*(*T*) is semi-resolved, then *F*(*T*) has the minimum number of reticulation vertices amongst all phylogenetic networks that exhibit *T*.

In general, the folding of an arbitrary MUL-tree on *X* need not be a phylogenetic network. For example, consider the MUL-tree *U*(*N*) in Fig. [3](#Fig3){ref-type="fig"}(ii); then its fold up *F*(*U*(*N*)) is not a phylogenetic network as it contains parallel arcs. We now characterize those MUL-trees *T* for which *F*(*T*) *is* a phylogenetic network.Fig. 3**(i)** A phylogenetic network *N*, **(ii)** *U*(*N*), and **(iii)** the *X*-network *F*(*U*(*N*)). Clearly, *N* and *F*(*U*(*N*)) are not isomorphic

**Proposition 1** {#FPar1}
-----------------

Suppose *T* is a binary MUL-tree on *X*. Then *F*(*T*) is a phylogenetic network if and only if there is no pair of distinct vertices *v*, *w* in *T* which share a parent in *T* and are such that *T*(*v*) and *T*(*w*) are isomorphic.

*Proof* {#FPar2}
-------
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                \begin{document}$$0 \le i <l$$\end{document}$, must contain both *T*(*v*) and *T*(*w*) as a subMUL-tree. Thus, *T*(*v*) is rendered maximal inextendible at some stage in the construction of *F*(*T*). Applying the operation *F* to *T*(*v*) introduces a parallel arc into *F*(*T*) and thus *F*(*T*) is not a phylogenetic network, as required.

Conversely, suppose that *T* is a binary MUL-tree on *X* such that there exist no two vertices *v*, *w* in *T* which share a parent in *T* such that *T*(*v*) and *T*(*w*) are inextendible. Assume for contradiction that *F*(*T*) is not a phylogenetic network. Then *F*(*T*) must contain parallel arcs *a* and $\documentclass[12pt]{minimal}
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                \begin{document}$$w=h(a)=h(a')$$\end{document}$. Then *v* is a tree vertex and *w* is a reticulation vertex of *F*(*T*). Let *z* denote the unique child of *w* in *F*(*T*). Note that since the folding operation implies that *F*(*T*) cannot contain an arc both of whose end vertices are reticulation vertices, *z* must in fact be a tree vertex in *F*(*T*).
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As mentioned above, the folding operation *F* can be considered as the reverse of the operation *U*. However, there exist phylogenetic networks *N* such that *F*(*U*(*N*)) is not isomorphic to *N* (see e.g. Fig. [3](#Fig3){ref-type="fig"}). Therefore, it is of interest to understand those networks *N* for which *F*(*U*(*N*)) and *N* are isomorphic.

Stable networks {#Sec7}
===============

In this section, we shall give a characterization of phylogenetic networks *N* for which *F*(*U*(*N*)) is isomorphic to *N*. We call such networks *stable*.

We start by recalling the definition of an irreducible network (Huber and Moulton [@CR5]). Suppose that *N* is a phylogenetic network on *X*. We call two distinct tree vertices *v* and *w* in *N* *identifiable* if there exist directed paths $\documentclass[12pt]{minimal}
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                \begin{document}$$T(\gamma _{w})$$\end{document}$ of *U*(*N*) are isomorphic. In addition, we say that *N* is *irreducible* if it does not contain an identifiable pair of tree vertices. To illustrate, the network *N* depicted in Fig. [3](#Fig3){ref-type="fig"}(i) is not irreducible, since the two vertices *v* and *w* are identifiable.

If *N* is a phylogenetic network then let *Ret*(*N*) denote the set of reticulation vertices of *N*. We call *N* *compressed* if the child of each vertex in *Ret*(*N*) is a tree vertex. Note that in Cardona et al. ([@CR3]), this property is taken as part of the definition of a phylogenetic network, the rationale being that we cannot expect to reconstruct the order in which hybridization events occur.

**Theorem 1** {#FPar3}
-------------
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*Proof* {#FPar4}
-------
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As an immediate corollary (Corollary [1](#FPar5){ref-type="sec"}) of this last theorem, we see that the collection of binary, stable phylogenetic networks contains a well-known class of phylogenetic networks. More specifically, suppose that *N* is a phylogenetic network. A vertex *w* of *N* distinct from some vertex *v* of *N* is a *sibling* of *v* if *v* and *w* share the same parent, and a sibling that is a tree vertex is called a *tree-sibling* vertex. In addition, *N* is called a *tree-child* network if every non-leaf vertex of *N* has a child that is a tree vertex of *N* (Cardona et al. [@CR2]), and *N* is called a *tree-sibling* network if every reticulation vertex of *N* has a tree-sibling (Cardona et al. [@CR3]). Note that a tree-child network is a tree-sibling network.

**Corollary 1** {#FPar5}
---------------

Suppose *N* is a binary, compressed, tree-sibling network. Then *N* is stable.

By Corollary [1](#FPar5){ref-type="sec"}, it follows that the fold up of an unfolded binary, compressed, tree-sibling network is the network itself and that it cannot contain a pair of distinct tree vertices that have the same set of children. Note that there exist semi-resolved, compressed, tree-sibling networks that are not stable (Fig. [4](#Fig4){ref-type="fig"}(i)), binary, stable phylogenetic networks that are not tree-sibling (Fig. [4](#Fig4){ref-type="fig"}(ii)), and non-binary, tree-child networks that are not stable (Fig. [4](#Fig4){ref-type="fig"}(iii)).Fig. 4**(i)** The network on $\documentclass[12pt]{minimal}
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Folding maps {#Sec8}
============

In this section, we explore a relationship between the folding/unfolding operations and graph fibrations. For simplicity, we shall follow the presentation of the latter topic in Boldi and Vigna ([@CR1]). Results from this section will be used to establish a main result in Sect. [7](#Sec10){ref-type="sec"}.
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We begin by stating a result which illustrates how folding maps naturally arise from the unfolding *U*(*N*) of a network *N*. This result is an analogue of Boldi and Vigna ([@CR1]), Theorem 15; the proof is quite similar and straight-forward and so we omit it.

**Theorem 2** {#FPar6}
-------------
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As we shall now show, the folding *F*(*T*) of a MUL-tree *T* can also give rise to a folding map. In analogy with Boldi and Vigna ([@CR1]), p. 25, we say that an equivalence relation $\documentclass[12pt]{minimal}
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**Theorem 3** {#FPar7}
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*Proof* {#FPar8}
-------
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We now state a result that provides additional insight into unfoldings of networks, and that will also be useful in the last section. It can be regarded as a phylogenetic analogue of path lifting in topology (cf. also Boldi and Vigna [@CR1], Theorem 13 and Corollary 14).
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As a corollary of this result, we now see that the pseudo MUL-tree $\documentclass[12pt]{minimal}
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                \begin{document}$$\rho _N$$\end{document}$), a graph theoretical variant of the universal cover of a topological space (cf. Boldi and Vigna [@CR1], Section 3.1).

**Corollary 2** {#FPar11}
---------------
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*Proof* {#FPar12}
-------
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Using again the notation for a guidetree for the operation *F*, we now use this last result to provide an alternative characterisation for stable networks.

**Corollary 3** {#FPar13}
---------------

Suppose that *N* is a phylogenetic network. Then *N* is stable if and only if $\documentclass[12pt]{minimal}
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*Proof* {#FPar14}
-------

Suppose *N* is stable, that is, *N* is isomorphic to *F*(*U*(*N*)). By the comment following Theorem [3](#FPar7){ref-type="sec"}, there exists a folding map from the pseudo MUL-tree $\documentclass[12pt]{minimal}
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Note that our definition for folding maps can be extended to obtain folding maps between *X*-networks in general. We will not pursue this possibility further here, but it could be of interest to understand categorical properties of such maps (cf. Boldi and Vigna [@CR1], Section 6).

Displaying trees in stable networks {#Sec9}
===================================

Following Iersel et al. ([@CR13]), we say that a phylogenetic network *N* on *X* *displays* a phylogenetic tree *T* on *X* if there is a subgraph $\documentclass[12pt]{minimal}
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                \begin{document}$$u,v\in V(T')$$\end{document}$ by directed paths from *u* to *v*). We illustrate this concept in Fig. [5](#Fig5){ref-type="fig"}.Fig. 5The phylogenetic tree in **(i)** is displayed by the network in **(iii)**, but the tree in **(ii)** is not

In Kanj et al. ([@CR8]) it is shown that it is NP-complete to decide whether or not a given phylogenetic tree is displayed by a given phylogenetic network. On the other hand, in Iersel et al. ([@CR13]) it is shown that there are polynomial algorithms for this problem for certain classes of networks e. g. binary tree-child networks. Thus it is of interest to know the complexity of this question for stable phylogenetic networks. We show that the following decision problem is NP-complete.

[TreeDisplaying]{.smallcaps}

*Instance:* A binary stable phylogenetic network on *X* and a binary phylogenetic tree on *X*.

*Question:* Is *T* displayed by *N*?

To establish this fact, we show that this problem is NP-complete when restricted to compressed, binary tree-sibling networks and apply Corollary [1](#FPar5){ref-type="sec"}. In the proof, we shall use the following operation, which is a modification of an operation with the same name defined in Iersel et al. ([@CR13]). Suppose that *N* is a binary phylogenetic network on *X* and that *R* is a binary phylogenetic tree on *X*. Let $\documentclass[12pt]{minimal}
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**Theorem 5** {#FPar15}
-------------

[TreeDisplaying]{.smallcaps} is NP-complete, even when restricted to the class of binary, compressed tree-sibling networks.

*Proof* {#FPar16}
-------
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Weakly displaying trees {#Sec10}
=======================

Given a phylogenetic tree *T* and a network *N* on *X*, we say that *T* is *weakly displayed* by *N* if it is displayed by *U*(*N*) (that is, there exists a subgraph of *U*(*N*) that is a subdivision of *T*). For example, both of the trees in Fig. [5](#Fig5){ref-type="fig"} are weakly displayed by the phylogenetic network *N*, but the tree in (ii) is not displayed by *N*. As we shall see, this concept is closely related to the problem of reconciling gene trees with species networks. In Sect. [6](#Sec9){ref-type="sec"}, we studied the problem of displaying trees in networks, in particular showing that it is NP-complete to decide whether or not a binary phylogenetic tree *T* is displayed by a phylogenetic network *N* even if it is stable. In this section, we show that, in contrast, one can decide in polynomial time whether or not a tree is weakly displayed by any given phylogenetic network.

Before presenting our algorithm, we first derive a characterization for when a tree is weakly displayed by a phylogenetic network in terms of so-called tree reconciliations. Given a phylogenetic network *N* on *X*, let $\documentclass[12pt]{minimal}
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We now give the aforementioned characterization for when a tree is weakly displayed by a phylogenetic network. We call a reconciliation *r* between *T* and *N* *locally separated* if for each pair of vertices $\documentclass[12pt]{minimal}
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**Theorem 6** {#FPar17}
-------------

Suppose that *N* is a phylogenetic network on *X*. Then a phylogenetic tree *T* on *X* is weakly displayed by *N* if and only if there exists a locally separated reconciliation between *T* and *N*.

*Proof* {#FPar18}
-------

We first prove that if there is a locally separated reconciliation *r* between *T* and *N*, then *T* is weakly displayed by *N*. We illustrate the main idea of the proof in Fig. [6](#Fig6){ref-type="fig"}---essentially, the map *r* induces an *X*-morphism $\documentclass[12pt]{minimal}
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More specifically, suppose that *r* is a locally separated reconciliation between *T* and *N*. Since each arc in *T* is associated with a directed path in *N* which contains at least one arc, it follows that *r* induces an *X*-morphism $\documentclass[12pt]{minimal}
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In light of the last result, deciding whether or not a phylogenetic tree is weakly displayed by a phylogenetic network is equivalent to the following decision problem:

[Locally separated reconciliation]{.smallcaps}

*Instance:* A phylogenetic network *N* on *X* and a binary phylogenetic tree *T* on *X*.

*Question:* Does there exist a locally separated reconciliation between *T* and *N*?

We now present a dynamic programming algorithm to solve this problem. Let *N* be a phylogenetic network on *X* and let *T* be a binary phylogenetic tree on *X*. Then for every tree vertex *v* in *N* we denote by *N*(*v*) the phylogenetic network obtained from by *N* by first restricting *N* to *v* and all the vertices of *N* below *v* and then suppressing any resulting vertices with in-degree one and out-degree one. In addition, we define a function $\documentclass[12pt]{minimal}
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By definition, there exists a locally separated reconciliation between *T* and *N* if and only if $\documentclass[12pt]{minimal}
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**Proposition 2** {#FPar19}
-----------------
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-------

We begin by establishing the 'if' direction. Note that if $\documentclass[12pt]{minimal}
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**Corollary 4** {#FPar21}
---------------
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A folding map is analogous to an "opfibration" for digraphs (cf. Boldi and Vigna [@CR1], Definition 4).
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